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1. Introduction
Throughout this paper, we use the following notations:
N : {1, 2, 3, . . .},
N0 : N ∪ {0},
R−1 : {u ∈ R : u > −1},
R
0
−1 : R−1 \ {0}.
1.1
LetA denote the class of all functions of the form





which are analytic in the open unit disk U : {z ∈ C : |z| < 1}.
For fj ∈ A given by




n j  1, 2, 1.3
2 Journal of Inequalities and Applications
the Hadamard product or convolution f1∗f2 of f1 and f2 is defined by





Using the convolution 1.4, Shaqsi and Darus 1	 introduced the generalization of the
Ruscheweyh derivative as follows.




∗Rλfz z ∈ U, 1.5
where Rλfz  1 − λfz  λzf ′z, z ∈ U.
If f ∈ A is of the form 1.2, then we obtain the power series expansion of the form
Ruλfz  z 
∞∑
n2




n − 1! n ∈ N, 1.7







1, if n  0, a ∈ C \ {0},
aa  1 · · · a  n − 1, if n ∈ N, a ∈ C. 1.8





and for λ  0, we obtain uth Ruscheweyh derivative introduced in 2	, Rm0  R
m.
Using the generalized Ruscheweyh derivative operator Ruλ, we define the following
classes.









for some 0 ≤ α < 1, u ∈ R0−1, v ∈ R−1, λ ≥ 0, and all z ∈ U.
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In this paper, basic properties of the class Sλu, v;α are studied, such as coeﬃcient
bounds, extreme points, and integral means inequalities for the fractional derivative.
2. Coefficient inequalities
Theorem 2.1. Let 0 ≤ α < 1, u ∈ R0−1, v ∈ R−1, and λ ≥ 0. If f ∈ A satisfies
∞∑
n2
Bnu, v, α|an| ≤ 21 − α, 2.1
where
Bnu, v, α : 1  n − 1λ	{|Cu, n − 1  αCv, n|  Cu, n  1 − αCv, n}, 2.2
then f ∈ Sλu, v;α.














∣∣∣∣ < 1 2.4








λfz − 1  αRvλfz




α −∑∞n21  n − 1λ	Cu, n − 1  αCv, n	anzn−1




n21  n − 1λ	|Cu, n − 1  αCv, n||an||z|n−1




n21  n − 1λ	|Cu, n − 1  αCv, n||an|
2 − α −∑∞n21  n − 1λ	Cu, n  1 − αCv, n	|an|
< 1 by 2.1.
2.5
Therefore, f ∈ Sλu, v;α.
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Theorem 2.2. If f ∈ Sλu, v;α, then
|an| ≤ 21 − α1  n − 1λ	|Cu, n − Cv, n|
n−1∑
u1
1  n − u − 1λ	Cv, n − u|an−u| 2.6
for n ≥ 2, with a1  1.














Since Re{Gz} > 0, we get
|ân| ≤ 2 2.8
for n  1, 2, . . ..
















So, by 1.6, we have
z 
1  λ
1 − αCu, 2 − αCv, 2	a2z
2 
1  2λ
1 − α Cu, 3 − αCv, 3	a3z
3  · · ·
 z  â1z2  â2z3  â3z4  · · ·
 1  λCv, 2a2z2  1  λCv, 2a2â1z3  1  λCv, 2a2â2z4  · · ·





1 − αCu, 2 − Cv, 2	a2z
2 
1  2λ
1 − α Cu, 3 − Cv, 3	a3z
3  · · ·
 z  â1z2  1  λCv, 2a2â1  â2	z3







1  n − 1λ












When we consider the coeﬃcients of zn of both series in the above equality, we have
an 
1 − α
1  n − 1λ	Cu, n − Cv, n	
n−1∑
u1
1  n − u − 1λ	Cv, n − uan−uâu. 2.13
Therefore,
|an| ≤ 1 − α1  n − 1λ	|Cu, n − Cv, n|
n−1∑
u1
1  n − u − 1λ	Cv, n − u|an−u||âu|
≤ 21 − α
1  n − 1λ	|Cu, n − Cv, n|
n−1∑
u1
1  n − u − 1λ	Cv, n − u|an−u|,
2.14
since |âu| ≤ 2, u  1, 2, . . ..
3. Extreme points
Definition 3.1. Let S˜λu, v;α be the subclass of Sλu, v;α which consists of function




n an ≥ 0 3.1
whose coeﬃcients satisfy inequality 2.1.
Theorem 3.2. Let f1z  z and
fkz  z 
21 − α
Bku, v, αz
k k  2, 3, . . ., 3.2
where Bku, v, α is given by 2.2.
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Bku, v, αBku, v, α  21 − α
∞∑
k2
δk  21 − α1 − δ1 ≤ 21 − α. 3.6
Therefore, we have f ∈ S˜λu, v;α.
Conversely, suppose that f ∈ S˜λu, v;α. Since




21 − α ak k  2, 3, . . .,











































This completes the proof of Theorem 3.2.
Corollary 3.3. The extreme points of S˜λu, v;α are given by
f1z  z, fkz  z 
21 − α
Bku, v, αz
k k  2, 3, . . ., 3.10
where Bku, v, α is given by 2.2.
4. The main integral means inequalities for the fractional derivative
We discuss the integral means inequalities for functions f ∈ S˜λu, v;α.
The following definitions of fractional derivatives by Owa 3	 also by Srivastava and
Owa 4	 will be required in our investigation.











z − ξη dξ 0 ≤ η < 1, 4.1
where the function f is analytic in a simply connected region of the complex z-plane
containing the origin, and the multiplicity of z − ξ−η is removed by requiring logz − ξ
to be real when z − ξ > 0.
Definition 4.2. Under the hypothesis of Definition 4.1, the fractional derivative of order p  η









where 0 ≤ η < 1 and p ∈ N0.
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Γk  1 − ηz
k−η 0 ≤ η < 1, k ∈ N. 4.3
We will also need the concept of subordination between analytic functions and a
subordination theorem of Littlewood 5	 in our investigation.
Definition 4.3. Given two functions f and g, which are analytic in U, the function f is said to
be subordinate to g in U if there exists a function w analytic in U with
w0  0, |wz| < 1 z ∈ U, 4.4
such that
fz  gwz z ∈ U. 4.5
We denote this subordination by
fz ≺ gz. 4.6
Lemma 4.4. If the functions f and g are analytic in U with
fz ≺ gz, 4.7







Our main theorem is contained in the following.
Theorem 4.5. Let f ∈ S˜λu, v;α and suppose that
∞∑
n2
n − pp1an ≤
21 − αΓk  1Γ3 − η − p
Bku, v, αΓk  1 − η − pΓ2 − p 4.9
for 0 ≤ p ≤ n, k ≥ p, 0 ≤ η < 1, where n − pp1 denotes the Pochhammer symbol defined by
n − pp1  n − pn − p  1 · · ·n. 4.10
Also let the function fk be defined by
fkz  z 
21 − α
Bku, v, αz
k k  2, 3, . . .. 4.11
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If there exists an analytic function w defined by
wzk−1 :
Bku, v, αΓk  1 − η − p
21 − αΓk  1
∞∑
n2




Γn  1 − η − p , 0 ≤ η < 1, n  2, 3, . . ., 4.13








∣∣μ dθ, 0 ≤ η < 1. 4.14










Γ2 − η − pΓn  1

















Γn  1 − η − p , 0 ≤ η < 1, n  2, 3, . . .. 4.16
Since Ψ is a decreasing function of n, we get
0 < Ψn ≤ Ψ2  Γ2 − p
Γ3 − η − p . 4.17










Γ2 − η − pΓk  1
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Γ2 − η − pΓk  1










Γ2 − η − pn − pp1Ψnanzn−1 ≺ 1 
21 − α
Bku, v, α
Γ2 − η − pΓk  1
Γk  1 − η − p z
k−1.
4.20
If the above subordination holds true, then we have an analytic functionwwithw0  0 and




Γ2 − η − pn − pp1Ψnanzn−1  1 
21 − α
Bku, v, α
Γ2 − η − pΓk  1
Γk  1 − η − p wz
k−1.
4.21
By the condition of the theorem, we define the function w by
wzk−1 
Bku, v, αΓk  1 − η − p
21 − αΓk  1
∞∑
n2
n − pp1Ψnanzn−1, 4.22
which readily yields w0  0. For such a function w, we have
|wz|k−1 ≤ Bku, v, αΓk  1 − η − p




≤ |z|Bku, v, αΓk  1 − η − p




 |z|Bku, v, αΓk  1 − η − p
21 − αΓk  1
Γ2 − p




≤ |z| < 1
4.23
by means of the hypothesis of the theorem.
Thus the theorem is proved.
As a special case p  0, we have the following result from Theorem 4.5.
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21 − αΓk  1Γ3 − η
Bku, v, αΓk  1 − η k  2, 3, . . .. 4.24
If there exists an analytic function w defined by
wzk−1 
Bku, v, αΓk  1 − η







Γn  1 − η , 0 ≤ η < 1, n  2, 3, . . ., 4.26








∣∣μdθ, 0 ≤ η < 1. 4.27
Letting p  1 in Theorem 4.5, we have the following.
Corollary 4.7. Let f ∈ S˜λu, v;α and suppose that
∞∑
n2
nn − 1an ≤
21 − αΓk  1Γ2 − η
Bku, v, αΓk − η k  2, 3, . . .. 4.28
If there exists an analytic function w defined by
wzk−1 
Bku, v, αΓk − η
21 − αΓk  1
∞∑
n2




Γn − η , 0 ≤ η < 1, n  2, 3, . . ., 4.30








∣∣μdθ, 0 ≤ η < 1. 4.31
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